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Abstract 
Effects of the short wavelength fluctuations on the specific heat ǻC in a superconductor are studied within the scheme of the 
Aslamazov-Larkin (AL) theory. By imposing the momentum cutoff in the fluctuation spectrum, formulae for ǻC are derived in a 
layered system as well as in n-dimensional (nD) systems (n=1, 2 and 3). Formulae under a total-energy cutoff condition are also 
presented. It is found that ǻC is significantly suppressed at high-reduced temperatures in a similar manner as in the 
paraconductivity. Our formulae in 3D and layered systems may be better fitted to experiments on YBa2Cu3O7-į crystals in a wider 
temperature region than the standard AL formulae without any cutoff effect. 
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1. Introduction 
Thermal fluctuation effects in a high-Tc superconductor are observable in a high-temperature region, and as a result 
it is necessary to take account of short wavelength fluctuation (SWF) effects in order to explain the experimental data. 
As to the fluctuation conductivity above Tc (the paraconductivity), considerable efforts have been devoted to extending 
the Gaussian fluctuation theories to the SWF region by imposing cutoff effects on the fluctuations spectrum [1]. The 
simplest way to introduce the cutoff effect is to impose the upper limit of the momentum cq!  of the fluctuating Cooper 
pairs as 1
0
c | [q , where 0[  is the Ginzburg-Landau coherence length amplitude extrapolated to T=0. This approach 
known as the momentum cutoff (MC) has been applied to the original Aslamasov-Larkin (AL) theory [2], providing 
only a restricted success in explaining paraconductivity experiments. In stead of the MC approach, one of us (MVR) 
and co-workers [1, 3] have shown that experimental results for the paraconductivity can remarkably be described by 
means of a total-energy cutoff (EC) approach on the AL theory, in which case the localization energy associated with 
the shrinkage of the fluctuation propagator is fully taken into consideration. On the other hand, we have demonstrated 
that the paraconductivity experiments can be well-described within the MC regime when overall contributions to the 
paraconductivity are included [4, 5].  
Concerning the superconducting fluctuations in the specific heat ǻC, however, little is known about the SWF 
effects though similar behavior as to the paraconductivity could be observed experimentally [6, 7]. In this study, we 
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report on theoretical calculations for ǻC in the SWF regime on the basis of the AL scheme for the first time to our 
knowledge. Under the MC condition, we derive theoretical expressions in a layered system as well as in one, two and 
three dimensional (1D, 2D and 3D) systems. In the framework of the AL theory for ǻC, we will discuss a relation 
between the MC and EC regimes. From numerical results for our formulae, it is found that the ǻC  is significantly 
suppressed at high-reduced temperatures in a similar manner as in the paraconductivity. Finally, the present 
calculations are compared to an experiment on YBa2Cu3O7-į crystals.  
2. Theoretical calculations 
In the scheme of the AL theory, the basic equation for  ǻC above Tc is given by [2] 
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where  cTTln H  is the reduced temperature and q is the wave vector of the fluctuations. While in the original AL 
theory the summation over q in Eq. (1) is carried out in the region fdd q0 , here we investigate the MC effects by 
imposing the q-summation in the region 1
0M
c
M0
 dd [Dqq , where cMq  is the upper limit of q and ĮM is the 
dimensionless cutoff parameter. In the MC regime, İ is the only quantity depending on T so it is convenient to 
transform the T-derivative to an İ-one in Eq. (1), which leads to the transformation 
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where we have used the relation   2222  ww ww TTT HH . Since superconducting fluctuation effects are basically 
significant at temperatures in the vicinity of Tc, the first term on the right-hand side of Eq. (2) is more singular than the 
second one, and therefore, we can approximate   22222 Hww|ww TT . In fact, if we use the approximation 
  cc TTT |H , Eq. (2) becomes       22222c222 HH ww|ww|ww TTTT . Then, the basic equation for ǻC takes the 
form 
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where in the second equality we have commuted the İ–derivative and the q-summation since cMq  is independent of İ in 
the MC regime. In what follows, we derive formulae for ǻC in a layered system as well as in 1D, 2D and 3D systems.  
By transforming the summation over q in Eq. (3) into the integration in spherical coordinates, we obtain the 
following formula for ǻC in a 3D system:  
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where 
0
c
MM [D q  is the cutoff parameter in the MC regime. This expression recovers the original AL equation [2, 8] 
  HH' D30D3AL CC    in the absence of the cutoff (NC) which can be obtained in the limit foMD . The summation over 
q in Eq. (3) can be performed, in 2D and 1D systems, to give   
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respectively. Here d and S are the film thickness and cross sectional area, respectively. In the absence of the cutoff, 
these equations reduce to the corresponding formulae in the AL theory:   OHH'  D0DAL nn CC  with   22 n O .  
In a layered system (the Lawrence-Doniach (LD) system) [9], the basic equation for ǻC is given by using the 
following transformations in Eq. (3): 
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where  zqqq ,ˆ  is the wave vector in cylindrical coordinates, sr z02[  with s being the interlayer distance is the LD 
anisotropic parameter, 0
xy[ and 
0
z[  are the in-plane and out-of plane coherence lengths, respectively. In the MC regime, 
as indicated in Eq. (7), the allowed region of the in-plane wave vector qˆ  is cMˆ0 qq dd  while that of the z component zq  
is in the first Brillouin zone in a similar manner as in the case of the paraconductivity [3].  
As the integration over qˆ  is performed, we obtain the equation 
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The integration over qz can be carried out to give an equation for ǻC in a LD system as 
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which leads to a formula  2LD0LDNC rCC  HH'  in the absence of the cutoff. Furthermore, in the limit 0or , Eq. (9) 
reduces to the corresponding equations in a 2D system, as expected. 
We now extend the calculations of ǻC to the EC case [1, 3]. In 1D, 2D and 3D systems this cutoff is given by 
  2E2cE0 DH[  q , i.e., it corresponds to HDD  2EM . For the AL equation for ǻC it is possible to find again the result 
of Eq. (3) but using the new wavenumber cutoff cEq .  In the EC case, the İ-derivative and the q-summation in Eq. (3) 
can be commuted, in spite of the İ-dependence of cEq . This İ-dependence of the q-space defined by the cutoff must be 
ignored in the İ-derivation because, otherwise, it would introduce spurious contributions to ǻC, which origin can be 
traced back to the sharpness of the disappearance of the fluctuation modes in the cutoff approximation (such 
contributions would disappear using smoother cutoff functions, instead of the all-or-nothing prescriptions as in our 
definitions of cEq , and their nonphysical characters are evidenced by the fact that they would produce ǻC divergent to 
infinity as İ tends to 2ED  from below). Application of Eq. (3) runs now parallel to the calculations with a momentum 
cutoff in the 1D, 2D and 3D cases, and the final results are reobtained, but with the substitution of ĮM by HD 2E  in 
those final results. Note that when 2EDH ¢¢  both the MC and EC effects coincide and therefore the limits with the 
classical results without cutoff are recovered.  
For a layered superconductor under the EC condition, however, the same replacement HDD o 2EM  could not give 
the correct result since the new cEq  contains the out-of-plane component qz. The basic equation for ǻC in the EC regime 
is given by 
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with the new upper limit   0222 2/sin xyzEcE sqrq [HD   of the integration over the in-plane momentum qˆ . After 
performing the qˆ -integral, we obtain  
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The qz-integral can easily be performed to give the final expression for ǻC: 
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from which the formula for the 2D case under the EC condition can be reproduced in the limit 0or . 
3. Numerical results and discussion 
In order to investigate effects on ǻC in the SWF regime, we present numerical results for our formulae. 
Bilogarithmic plots of the normalized fluctuation specific heat   D30CC H'  vs. İ in the MC regime are displayed in Fig. 
1(a) and Fig. 1(b) for the cases of a 3D system and a layered system, respectively. The behavior shown in these figures 
is qualitatively similar to the well-known results for the paraconductivity. The corresponding results in the EC regime 
are also shown in Figs 1(a) and 1(b), indicating that the SWF effects in this regime are more significant than those in 
the MC regime, again similar to the paraconductivity case.  
It is of interest to analyze experimental results for ǻC on the basis of the present calculations. However, there are 
only a few experimental reports on ǻC at the İ-values corresponding to the SWF regime, most of which data are, 
unfortunately, too dispersive to make fully quantitative comparisons to our calculations. As the most appropriate data 
on ǻC to be analyzed, we have chosen the well-known experiments of Inderhees et al. [6] which is the first observation 
of ǻC in high-Tc superconductors. Results for our theoretical analyses on their experimental data are displayed in Fig. 
1(c) and Fig. 1(d) for the 3D and LD cases, respectively. In the fittings, the formulae in the MC regime are used, and 
fits in the case without any cutoff are also shown for comparison. As visible in these figures, the better agreement 
between theory and experiment is attained when the formulae in the SWF regime are used for the analyses. From the 
fitting parameter values in the 3D case, D3
0C , and the LD case, LD0C  and sr z
02[ , we have estimated the coherence 
lengths as (a)  nm79.00  [  and (b) nm0.20  xy[  and nm13.0
0  z[ . The latter values are in reasonable agreement with 
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those reported in other studies [10]. It is worth noting that the analysis of ǻC in terms of the LD formulae allows us to 
evaluate both the in-plane and out-of-plane coherence lengths at a time in contrast to the case of the paraconductivity 
analysis in which only the latter is obtained. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. (a) Bilogarithmic plots of   D30CC H'  vs. İ in the 3D-MC (solid lines) and 3D-EC (dashed lines) cases. (b) The same as in (a) but with 
the LD cases. (c) Fits to a ǻC experiment [6] with the 3D formulae. The value of D3
0C  is indicated in units of mJ/gK. (d) The same as in (c) but with 
the LD formulae. 
4. Conclusion 
In the scheme of the AL theory of the superconducting fluctuations, we have studied the SWF effects on ǻC for the 
first time. By imposing the MC in the fluctuation spectrum, we have derived the theoretical expressions for ǻC in a 
layered superconductor as well as in nD (n=1, 2 and 3) systems. The EC effect on ǻC has also been discussed in the 
spirit of the AL theory, concluding that the formulae for ǻC in the EC regime can be obtained from the corresponding 
formulae in the MC regime by the transformation of ĮM into HD 2E  in an nD system. It has been shown from 
numerical results for our calculations that the SWF effects on ǻC are qualitatively similar to those on the 
paraconductivity. Based on the present calculations, we have analyzed data on ǻC in YBCO crystals, showing that our 
formulae may provide better descriptions on the experimental results with reasonable parameter values. 
Acknowledgements 
The authors would like to acknowledge Y. Iinuma and T. Yamaki for their assistance in the present calculations. 
This study was supported in part by Grant-in-Aid for Scientific Research No. 20560310 (2010) from the Ministry of 
Education, Culture, Sports, Science and Technology in Japan. NC and MVR acknowledge support from Spain's 
MICINN project FIS2010-19807. NC thanks MICINN for FPI grant FIS2007-63709. 
 
References 
 
[1] Currás SR, Ferro G, González MT, Ramallo MV, Ruibal M, Veira JA, Wagner P, Vidal F, Phys Rev B 2003;68:094501(1-16). 
[2] Aslamazov LG, Larkin AI, Sov Phys Solid State 1968;10:875-80. 
[3] Carballeira C, Currás SR, Viña J, Veira JA, Ramallo MV, Vidal F, Phys Rev B 2001;63:144515(1-7). 
[4] Mori N, Satoh H, Physica C 2003;392-396:613-8. 
[5] Mori N, Enomoto H, Physica C 2010;470:S132-3. 
[6] Inderhees SE, Salamon MB, Goldenfeld N, Rice JP, Pazol BG, Ginsberg DM, Phys Rev Lett 1988;60:1178-80. 
[7] Abdulvagidov ShB, Kamilov IK, Physica C 2008;468:453-7. 
[8] Skocpol WJ, Tinkham M, Rpt Prog Phys 1975;38:1049-97. 
[9] Lawrence WE, Doniach S, In Kanda E, editor. Proceedings of the Twelfth International Conference on the Low Temperature Physics, Tokyo: 
Keigaku, 1971, p.361-2.  
[10] Axnäs J, Lundqvist B, Rapp Ö, Phys Rev B 1998;58:6628-32; erratum Phys Rev B 2000;61:14844, and references therein. 
